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Let .iG (k, p) denote the class of k-partite graphs, where each part is a stable set of 
cardinality p and where the edges between any pair of stable sets are those of a 
perfect matching. Mart&E has conjectured that if G belongs to .it(k,p) and is 
connected then G is hamiltonian. It is proved that the conjecture is true for k < 3 or 
p < 3; but for k > 4 and p) 4 a non-hamiltonian connected graph in .Z (k, p) is 
constructed. 
Definitions not given here can be found in [ 11. Let cY(k, p) denote the 
class of (undirected) k-partite graphs with vertex set (Jr=, Si, where each Si 
is a stable set of cardinality p and where the edges between any pair of stable 
sets Si are those of a perfect matching. Thus, if G belongs to F(k, p), G has 
kp vertices and is regular of degree k - 1. 
Mart&E, working on hamiltonian cycles in vertex transitive graphs, 
conjectured that if G belongs to .Y(k, p) and is connected G is hamiltonian. 
(This conjecture was given to me by B. Jackson and J. C. Bermond.) 
If G is connected k > 3-If k = 3 the conjecture is immediate as G is a 
connected regular graph of order 2 and thus a cycle. Here I will prove that 
the conjecture is true also if p Q 3; but that for any k > 4 and p > 4 there 
exists a non-hamiltonian connected graph in .F(k, p). 
The following lemma will be useful. 
LEMMA. Zf G belongs to .F’(k, p) and is not connected then each 
component belongs to .F(k, p’) for some p’ < p. 
Proof. Suppose that a component C contains exactly p’ vertices of the 
first stable set S, ; then C n Si contains exactly p’ vertices (those joined to 
the vertices of S,). Any vertex of Cn Si can be joined to at most one vertex 
of C n Sj but as C is a regular graph of degree k - 1 any vertex of C n Si is 
joined to exactly one vertex of C n Sj and thus C belongs to g(k, p’). 
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THEOREM 1. If G belongs to .F’(k, p), with p < 3, and if G is connected, 
then G is hamiltonian. 
Proof: The theorem is true for p = 1, G being a complete graph. The 
proof in the case p = 2 is similar to that ofp = 3, but much simpler and thus 
we will prove the theorem only for p = 3. We prove the theorem by 
induction. 
The theorem is true as we have noted in the Introduction for k = 3. In 
what follows G will be a connected graph of .F?(k, 3) with k > 4, and we 
suppose that any connected graph of .Y(k’, 3) with 3 <k’ < k is 
hamiltonian. 
We will denote by X, Y, Z the vertices of the first stable set S,. The 
remaining vertices will be called x-vertex (respectively, y-vertex, z-vertex) 
according to whether they are joined to X (respectively, Y, Z). 
Case 1. G - {X, Y, Z} has three components K, , K,, K,. By the lemma 
each Kj is a complete graph. G being connected, X (respectively, Y, Z) is 
joined to at least two components and each component contains two vertices 
of different kinds. 
Without loss of genrality we can therefore suppose that X and Y are 
joined to K,; Y and Z to K,; and Z and X to K,. Then we obtain a 
hamiltonian cycle (X, P, , Y, P,, Z, P3), where P, (respectively, P,, P3) is a 
hamiltonian path in K, (respectively, K,, K3) joining an x-vertex (respec- 
tively, y-vertex, z-vertex) to a y-vertex (respectively, z-vertex, x-vertex). 
Case 2. G - (X, Y, Z} has two components K and K’, where K is a 
complete graph and K’ belongs to .Y(k - 1,2) and thus contains a 
hamiltonian cycle C (case p = 2 of the theorem). 
As G is connected X, Y, Z are joined to C and we will suppose that Z has 
been chosen such that C contains at least as many z-vertices as x-vertices or 
y-vertices. 
Therefore X and Y are joined to K. 
In what follows, we will suppose that C has some fixed cyclic ordering 
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and we will shortly write C contains an arc (x, y) to mean that there exists a 
y-vertex immediately following an x-vertex on C. 
(2.a) C contains an arc (z, x) and an arc (z, y). Then G has a 
hamiltonian cycle (see Fig. 1, where P denotes a hamiltonian path in K 
joining an x-vertex to a y-vertex). 
(2.b) We deal with the case where C contains an arc (x, z) and an arc 
( y, z), similarly. 
(2.~) If we are not in cases (2.a), (2.b) there must exist an arc (x, u) 
or (y, x). Suppose that there exists an arc (x, y). 
(2.c.l) If there exists an arc (z, z) on C we obtain a hamiltonian 
cycle by replacing the arc (x, y) by the path (x,X, P, Y, y), where P is a 
hamiltonian path in K joining an x-vertex to a y-vertex, and the arc (z, z) by 
the path (z, Z, z). 
(2.c.2) Otherwise every vertex following a z-vertex on C (respec- 
tively, preceding) is an x-vertex (respectively, a y-vertex). Since by the choice 
of z, there are at least as many z-vertices on C as x-vertices or y-vertices, the 
only possibility is that the number of z-vertices on C is equal to that of x- 
vertices (respectively, y-vertices) and C = (x, y, z, x, y, z ,..., x, y, z). 
That implies that k - 1 is a multiple of 3. 
If k - 1 = 3 and C = (x, y, z, x, y, z) we have a contradiction because the 
first and fourth vertices belong necessarily to the same stable set. 
If k - 1 > 3 then K contains (k - 1)/3 > 2 vertices of each kind and we 
obtain a hamiltonian cycle by replacing the arc (x, y) on C by the path 
(x, X, P, , Z, P,, Y, y), where P, and P, are two disjoint paths, covering the 
vertices of k, joining respectively an x-vertex to a z-vertex and a z-vertex to a 
y-vertex (that is possible because K is a complete graph and contains at least 
two z-vertices). 
Case 3. G - (X, Y, Z) is connected and thus by the induction hypothesis 
contains a hamiltonian cycle C, for which a given cyclic ordering has been 
fixed (like in Case 2). 
(3.a) C contains arcs (x, x), (y, y) and (z, z). 
FIGURE 2 
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FIGURE 3 
A hamiltonian cycle of G is obtained by replacing the arc (x,x) (respec- 
tively, ( y, y); (z, z)) by the path (x, X, x) (respectively, ( y, Y, y); (z, Z, z)). 
(3.b) C contains an arc (x,x) but no arc (z, z). 
Therefore z is followed on C (preceded on C) by k - 1 vertices which are x- 
vertices or y-vertices. 
(3.b.l) If there are two arcs (y, z) or two arcs (z, y), Fig. 2 shows a 
hamiltonian cycle of G. 
(3.b.2) If there are not two arcs (y, z) or two arcs (z, y), there are 
k - 2 x-vertices following (respectively, preceding) k - 2 z-vertices since 
there is an arc (x,x). 
At most one y’vertex can be followed by a z-vertex and at most one y- 
vertex can be followed an x-vertex. Thus as k - 1 > 3 there is an arc (y, y) 
and qtwo arcs (x, z). We have a hamiltonian cycle obtained by interchanging 
x and y in Fig. 2. 
(3.~) There is no arc (x, x), no arc (y, y) and no arc (z, z). 
(3.c.l) Suppose there exists a vertex, say a y-vertex, such that the 
preceding and consecutive vertices on C are of the same kind, say x-vertices 
(that is, C= (x, y, x ,... )). 
Then there must be an arc (z, x) and an arc (z, y) on C. Figure 3 shows a 
hamiltonian cycle if the arc (z, x) is between (x, y) and (z, y). The opposite 
FIGURE 4 
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case is solved by using the arc (y, x) instead of (x, y). ((z, y) is between 
(y, x) and (z, x) and interchanges x and y.) 
(3.c.2) As we are not in case (3.c.l), C = (x, y, z, x, y, z ,.,., x, y, z). 
As k - 1 > 3, Fig. 4 shows that we have a hamiltonian cycle. 
THEOREM 2. If k > 4 and p > 4 there exists a non-hamiltonian 
connected graph in .F(k, p). 
Proof. Such a gqraph G can be constructed as follows (see Fig. 5). G 
consists of a cycle of 3p vertices (1,2,..., 3p) plus p complete graphs K, , 
K z ,..., K, each on k - 3 vertices, the edges between 1, 5, 9 and all the 
vertices of K, , the edges between 2, 3, 4 and all the vertices of K,, the edges 
between 6, 7, 8 and all the vertices of K,, and the edges between 3t - 2, 
3t - 1, 3t and all the vertices of K, for 4 < t < p. G is k-partite, the stable 
sets being respectively: S, = ( 1,4, 7 ,..., 3p - 2 ), S, = (2,5,8 ,..., 3p - 1 }, 
S, = (3, 6, 9 ,..., 3p}, and Sj, for j> 4, consists of one vertex in each Ki 
(i = l,..., p). 
By construction G E .Y(k, p) and is connected. However, G is non- 
hamiltonian; indeed there exists a separating set S = ( 1,5,9} such that 
G - S has four components, a contradiction with a well known necessary 
condition for a graph to be hamiltonian (see Theorem 3.1 of 121). 
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